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In this work, we prove new fixed point theorems for generalized asymptotic pointwise
ρ-contractions and strongly asymptotic pointwise ρ-contraction mappings involving
orbits in modular function spaces. The results of this work extend and improve the
recent results of Khamsi and Kozlowski [M.A. Khamsi, W.M. Kozlowski, On asymptotic
pointwise contractions in modular function spaces, Nonlinear Analysis: Theory Methods
and Applications 73 (2010) 2957–2967] and Nicolae [A. Nicolae, Generalized asymptotic
pointwise contractions and nonexpansive mappings involving orbits, Fixed Point Theory
and Applications (2009) Article ID 458265, 19 pages].
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1. Introduction
The notion of modular spaces, as a generalization of that of metric spaces, was introduced by Nakano [1] and redefined
by Musielak and Orlicz [2]. The first fixed point results in modular function spaces were given by Khamsi et al. [3]. Even
though a metric is not defined, many problems in metric fixed point theory can be reformulated in modular spaces. Many
authors have studied fixed point theorems for contractionmappings inmodular andmodular function spaces; see [4–10]. In
2007, Razani et al. [11] studied the existence of Kirk’s fixed point theorems for asymptotic contractionmappings inmodular
spaces.
In 2009, Nicolae [12] gave and studied fixed point results for generalized asymptotic pointwise contraction mappings
using the radius for the orbit in metric spaces.
In 2010, Khamsi and Kozlowski [13] studied and proved the existence of fixed point theorems for asymptotic pointwise
contraction mappings in modular function spaces. Later, in 2011, Khamsi and Kozlowski [14] also studied and proved the
existence of fixed point theorems for asymptotic pointwise nonexpansive mappings in modular function spaces.
In 2011, Kuaket and Kumam [15] studied the existence of fixed point theorems for asymptotic pointwise ρ-contractions
in modular spaces.
Recently, Mongkolkeha and Kumam [10] studied and proved the existence of fixed points and common fixed point
theorems for generalized weak contraction mappings of integral type in modular spaces. Very recently, Mongkolkeha
et al. [16] studied and proved the existence fixed point theorems for contraction mappings in modular metric spaces.
In this work, the existence of fixed points for generalized asymptotic pointwise ρ-contractions and strongly asymptotic
pointwise ρ-contraction mappings using the radius of the orbit in modular function spaces is proved.
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2. Preliminaries
First, we start with a brief recalling of basic concepts and facts in modular function spaces (see [13,17] for more details).
Let Ω be a nonempty set and Σ be a nontrivial σ -algebra of subsets of Ω . Let P be a δ-ring of a subset of Ω such that
E ∩ A ∈ P for any E ∈ P and A ∈ Σ . Let us assume that there exists an increasing sequence of sets Kn ∈ P such that
Ω =  Kn (for instance, P can be the sets of finite measure in a σ -finite measure space). By E we denote the linear space
of all simple functions with support from P . ByM∞ we will denote the space of all extended measurable functions, i.e., all
functions f : Ω → [−∞,∞] such that there exists a sequence {gn} ⊂ E, |gn| ≤ |f |, and gn(ω)→ f (ω) for all ω ∈ Ω . By 1A
we denote the characteristic function of the set A.
Definition 2.1. Let ρ : M∞ → [0,∞] be a convex and even function. We say that ρ is a regular convex function
pseudomodular if:
(i) ρ(0) = 0;
(ii) ρ is monotone, i.e., |f (ω)| ≤ |g(ω)| for all ω ∈ Ω implies ρ(f ) ≤ ρ(g), where f , g ∈M∞;
(iii) ρ is orthogonally subadditive, i.e., ρ(1AUB) ≤ ρ(1A)+ ρ(1B); for any A, B ∈ Σ such that A ∩ B ≠ ∅, f ∈M;
(iv) ρ has the Fatou property, i.e., |fn(ω)| ↑ |f (ω)| for all ω ∈ Ω implies ρ(fn) ↑ ρ(f ), where f ∈M∞;
(v) ρ is order continuous in E , i.e., gn ∈ E and |gn(ω)| ↓ 0 implies ρ(gn) ↓ 0.
Definition 2.2. A set A is said to be ρ-null if ρ(g1A) = 0 for every g ∈ E . We say that a property holds ρ-almost everywhere
(ρ-a.e.) if the exceptional set is the ρ-null set.
As usual, we identify any pair of measurable sets whose symmetric difference is ρ-null as well as any pair of measurable
functions differing only on a ρ-null set. We defined
M(Ω,Σ,P , ρ) = {f ∈M∞ : |f (ω)| <∞}, (2.1)
where f ∈ M(Ω,Σ,P , ρ) is actually an equivalence class of functions equal ρ-a.e. rather than an individual function.
Where no confusion arises we writeM instead ofM(Ω,Σ,P , ρ).
Definition 2.3. Let ρ be a regular function pseudomodular.
(i) We say that ρ is a regular convex function semimodular if ρ(αf ) = 0 for every α > 0 implies f = 0, ρ-a.e..
(ii) We say that ρ is a regular convex function modular if ρ(f ) = 0 implies f = 0, ρ-a.e..
The class of all nonzero regular convex function modulars defined onΩ will be denoted byR.
Let us define ρ(f , E) = ρ(f 1A) for f ∈ M, E ∈ Σ . It is easy to see that ρ(f , E) is a function pseudomodular in the sense
of [17, Definition 2.1.1]. Therefore, we can use all results of the standard theory of modular function spaces.
The modular function ρ defines a corresponding modular space Lρ(Ω,Σ) or briefly Lρ , which is given by
Lρ = {f ∈M : ρ(λf )→ 0 as λ→ 0}. (2.2)
The modular space Lρ can be equipped with an F-norm defined by
∥f ∥ρ = inf

α > 0 : ρ

f
α

≤ α

. (2.3)
From [17] we know that (Lρ, ∥ · ∥ρ) is a complete metric space. When ρ is convex, the formula
∥f ∥ρ = inf

α > 0 : ρ

f
α

≤ 1

(2.4)
defines a norm which is frequently called the Luxemburg norm.
Definition 2.4. A modular function ρ is said to satisfy the ∆2-condition if supn≥1 ρ(2fn,Dk) → 0 as k → ∞ whenever{fn} ⊂M,Dk ∈ Σ decreases to ∅ and supn≥1 ρ(fn,Dk)→ 0 as k →∞.
Definition 2.5. A modular function ρ is said to satisfy the ∆2-type condition if there exists K > 0 such that for any f ∈ Lρ
we have ρ(2f ) ≤ Kρ(f ).
In general, the∆2-type condition and∆2-condition are not equivalent, even though it is obvious that the∆2-type condition
implies the∆2-condition.
Theorem 2.6. [ [13]] Let ρ ∈ R, whereR is a class of all nonzero regular convex function modulars defined onΩ . The following
conditions are equivalent:
(a) ρ satisfies the∆2-condition;
(b) L0ρ is a linear subspace of Lρ ,
where L0ρ = {f ∈ Lρ : ρ(f , ·) is order continuous };
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(c) Lρ = L0ρ = Eρ , where Eρ = {f ∈ Lρ : λf ∈ L0ρ for every λ > 0};
(d) if ρ(f )→ 0 as n →∞, then ρ(2f )→ 0 as n →∞;
(e) if ρ(αf )→ 0 as n →∞ for an α > 0, then ∥fn∥ρ → 0 as n →∞, i.e. the equivalent to the norm convergence.
Definition 2.7. Let Lρ be a modular space.
(1) The sequence {fn} in Lρ is said to be ρ-convergent to f ∈ Lρ if ρ(fn − f )→ 0 as n →∞.
(2) The sequence {fn} in Lρ is said to be ρ-a.e. convergent to f ∈ Lρ if the set {ω ∈ Ω : fn(ω) 9 f (ω)} is ρ-null.
(3) A sequence {fn} in Lρ is said to be ρ-Cauchy if ρ(fn − fm)→ 0 as n,m →∞.
(4) A subset C of Lρ is said to be ρ-closed if the ρ-limit of a ρ-convergent sequence of C always belong to C .
(5) A subset C of Lρ is said to be ρ-a.e closed if the ρ-a.e. limit of a ρ-a.e. convergent sequence of C always belongs to C .
(6) A subset C of Lρ is said to be ρ-compact if every sequence in C has a ρ-convergent subsequence in C .
(7) A subset C of Lρ is said to be ρ-a.e. compact if every sequence in C has a ρ-a.e. convergent subsequence in C .
(8) A subset C of Lρ is said to be ρ-bounded if δρ(C) = sup{ρ(f − g); f , g ∈ C} <∞.
Definition 2.8. Let ρ ∈ R and C ∈ Lρ be nonempty and ρ-closed. A mapping T : C → C is called a pointwise ρ-contraction
if there exists α : C → [0, 1) such that
ρ(Tf − Tg) ≤ α(f )ρ(f − g), for any f , g ∈ C, n ≥ 1. (2.5)
The following definitions and lemmas were studied and proved by Khamsi and Kozlowski [13].
Definition 2.9. Let ρ ∈ R and C ∈ Lρ be nonempty and ρ-closed. A mapping T : C → C is called an asymptotic pointwise
mapping if there exists a sequence of mappings αn : C → [0, 1] such that
ρ(T n(f )− T n(g)) ≤ αn(f )ρ(f − g), for any f , g ∈ C . (2.6)
(1) If {αn} converges pointwise to a function α : C → [0, 1), then T is called an asymptotic pointwise contraction.
(2) If limn→∞ supαn ≤ 1 for any f ∈ C , then T is called asymptotic pointwise nonexpansive.
(3) If limn→∞ supαn ≤ k for any f ∈ C with 0 < k < 1, then T is called a strongly asymptotic pointwise contraction.
Definition 2.10. A function λ : C → [0,∞] where C ⊂ Lρ is a nonempty and ρ-closed is called lower semicontinuous if
for any α > 0, the set Cα = {f ∈ C : λ(f ) ≤ α} is ρ-closed.
Definition 2.11. We say that Lρ has property (R) if and only if every nonincreasing sequence {Cn} of nonempty, ρ-bounded,
convex and ρ-closed subsets of Lρ has nonempty intersection.
Definition 2.12. We will say that the modular function ρ is uniformly continuous if for every ε > 0 and L > 0 there exists
a δ > 0 such that
|ρ(g)− ρ(h+ g)| < ε if ρ(h) ≤ δ and ρ(g) ≤ L. (2.7)
Definition 2.13. Let K ⊂ Lρ be convex and ρ-bounded.
(1) A function τ : K → [0,∞] is called (ρ)-type if there exists a sequence {ym} of elements of K such that for any z ∈ K it
holds that
τ(z) = lim
n→∞ sup ρ(ym − z). (2.8)
(2) A sequence {gn} is called a minimizing sequence of τ if
lim
n→∞ τ(gn) = inf{τ(f ); f ∈ K}. (2.9)
Lemma 2.14. Let ρ ∈ R have property (R) and K be a nonempty, ρ-bounded, convex and ρ-closed subset of Lρ . If ϕ : K →
[0,∞) is a ρ-lower semicontinuous convex function, then there exists z ∈ K such that ϕ(z) = inf{ϕ(f ) : f ∈ K}.
Lemma 2.15. Let ρ ∈ R be uniformly continuous and K ⊂ Lρ be nonempty, convex, ρ-closed and ρ-bounded. Then any (ρ)-type
function τ : K → [0,∞] is ρ-lower semicontinuous in K .
3. The main results
In this section, we prove the existence of fixed points for generalized asymptotic pointwise ρ-contractions and strongly
asymptotic pointwise ρ-contraction mappings by using the radius of the orbit in modular function spaces. Using an idea
of [12], we defined the following:
1288 C. Mongkolkeha, P. Kumam / Applied Mathematics Letters 25 (2012) 1285–1290
For a mapping T : Lρ → Lρ and f ∈ Lρ , define the orbit at f by
OT (f ) = {f , T (f ), T 2(f ), T 3(f ), . . . , T n(f ), . . .}, (3.1)
where T n+1(f ) = T (T n(f )) for n ≥ 0 and T 0(f ) = f . Given C ⊆ Lρ and f ∈ Lρ , the number rρ(f , C) = supg∈C ρ(f − g) is
called the radius of C relative to f .
Theorem 3.1. Let ρ ∈ R be uniformly continuous, having property (R) and K be a nonempty, convex, ρ-closed and ρ-bounded
subset of Lρ . Let T : K → K be a mapping satisfying the following inequality:
ρ(T n(f )− T n(g)) ≤ αn(f )rρ(f ,OT (g)), (3.2)
for all f , g ∈ K, where for each n ∈ N, αn : K → [0, 1) and the sequence {αn} converges pointwise to a function α : K → [0, 1).
Then T has a unique fixed point. Moreover, for any f ∈ K , the orbit {T n(f )} converges to the fixed point.
Proof. Let f ∈ K and define the ρ-type function by
τ(u) = lim
n→∞ sup ρ(T
n(f )− u) for u ∈ K . (3.3)
By Lemma 2.15, τ is ρ-lower semicontinuous in K . Because ρ is convex, for u, v ∈ K and α, β ≥ 0 with α + β = 1, we
have
τ(αu+ βv) = lim
n→∞ sup ρ(T
n(f )− (αu+ βv))
= lim
n→∞ sup ρ((α + β)T
n(f )− (αu+ βv))
= lim
n→∞ sup ρ((α(T
n(f )− u)+ β(T n(f )− v)))
≤ lim
n→∞ supαρ((T
n(f )− u)+ lim
n→∞ supβρ(T
n(f )− v))
= ατ(u)+ βτ(v),
and thus τ is a convex function. By Lemma 2.14 there exists f0 ∈ K such that
τ(f0) = inf
g∈K τ(g)
and we need to show that τ(f0) = 0. Form ∈ N, we do indeed have
τ(Tm(f0)) = lim
n→∞ sup ρ(T
n(f )− Tm(f0))
= lim
n→∞ sup ρ(T
m+n(f )− Tm(f0))
≤ αm(f0) lim
n→∞ rρ(f0,OT (T
n(f )))
= αm(f0)τ (f0), (3.4)
which implies that
τ(f0) ≤ τ(Tm(f0)) ≤ αm(f0)τ (f0). (3.5)
Lettingm →∞ in the above relations, we have τ(f0) ≤ α(f0)τ (f0). Since αm(f0)→ α(f0) < 1 asm →∞, we get τ(f0) = 0,
which implies that ρ(T n(f )− f0)→ 0 as n →∞. Hence
T n(f )→ f0 as n →∞, (3.6)
and τ(Tm(f0)) = 0 form ≥ 1; in particular, τ(T (f0)) = 0. Thus, we have
T n(f )→ T (f0) as n →∞. (3.7)
(3.6) and (3.7) imply that T (f0) = f0, that is f0 is a fixed point of T . Next, we will prove that f0 is a unique fixed point of T .
Suppose that h0 is another fixed point of T . Indeed, for n ≥ 1,
ρ(f0 − h0) = ρ(T n(f0)− T n(h0))
≤ αn(f0)rρ(f0,OT (h0))
= αn(f0)ρ(f0 − h0). (3.8)
Taking n →∞ in the inequality (3.8), we have ρ(f0 − h0) = 0 because αn(f0)→ α(f0) < 1 as n →∞. Hence f0 = h0 and
the proof is complete. 
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If we take αn(f ) :≡ α(f ), ∀f ∈ K , n ∈ N, in Theorem 3.1, then we obtain the following corollary.
Corollary 3.2. Let ρ ∈ R be uniformly continuous, having property (R) and K be a nonempty, convex, ρ-closed and ρ-bounded
subset of Lρ . Let T : K → K be a mapping satisfying the following inequality:
ρ(T n(f )− T n(g)) ≤ α(f )rρ(f ,OT (g)), (3.9)
for all f , g ∈ K , where α : K → [0, 1). Then T has a unique fixed point. Moreover, for any f ∈ K, the orbit {T n(f )} converges to
the fixed point.
If we take α(f ) :≡ k ∈ [0, 1), ∀f ∈ K , in Corollary 3.2, then we obtain the following corollary.
Corollary 3.3. Let ρ ∈ R be uniformly continuous and have property (R), and K be a nonempty, convex, ρ-closed and ρ-bounded
subset of Lρ . Let T : K → K be a mapping satisfying the following inequality:
ρ(T n(f )− T n(g)) ≤ krρ(f ,OT (g)),
for all f , g ∈ K , where 0 ≤ k < 1. Then T has a unique fixed point. Moreover, for any f ∈ K, the orbit {T n(f )} converges to the
fixed point.
Theorem 3.4. Let ρ ∈ R be uniformly continuous and have property (R), and K be a nonempty, convex, ρ-closed and ρ-bounded
subset of the complete space Lρ . Let T : K → K be a mapping satisfying the following inequality:
ρ(T n(f )− T n(g)) ≤ αn(f )rρ(f ,OT (g)), (3.10)
for all f , g ∈ K, where for each n ∈ N, αn : K → [0, 1) and limn→∞ supαn ≤ k, for 0 < k < 1. Then T has a fixed point.
Moreover, we have that Fix(T ) is closed, where Fix(T ) is the set of fixed points of T , i.e., Fix(T ) = {f ∈ K : Tf = f }.
Proof. Let f ∈ K and define a ρ-type function by
τ(u) = lim
n→∞ sup ρ(T
n(f )− u) for u ∈ K . (3.11)
As in the proof of Theorem 3.1, we have
τ(Tm(f0)) ≤ αm(f0) lim
n→∞ rρ(f0,OT (T
n(f ))) ≤ αm(f0)τ (f0), (3.12)
where f0 ∈ K , and the inequality
τ(f0) ≤ τ(Tm(f0)) ≤ αm(f0)τ (f0). (3.13)
Form, p ∈ N, we have
ρ

Tm(f0)− T p(f0)
2

= ρ

Tm(f0)− T n(f0)+ T n(f0)− T p(f0)
2

≤ 1
2
ρ(T n(f0)− Tm(f0))+ 12ρ(T
n(f0)− T p(f0)). (3.14)
Taking the superior limit in the inequality (3.14), we have
ρ

Tm(f0)− T p(f0)
2

≤ 1
2
τ(Tm(f0))+ 12τ(T
p(f0)). (3.15)
Lettingm, p →∞ in the inequality (3.15) and applying (3.13), we obtain that {Tm(f0)}m∈N is a Cauchy sequence. Since Lρ is
complete there exists ν ∈ Lρ such that Tm(f0)→ ν as m →∞. Now we claim that ν is a fixed point of T . Indeed, for each
m ∈ N, we get
ρ(Tν − Tm+1(f0)) ≤ α1(ν)rρ(ν,OT (Tm(f0))) (3.16)
and rρ(ν,OT (Tm(f0)))→ 0 asm →∞, so we have ρ(Tν − ν) ≤ 0, that is Tν = ν. Next we prove that Fix(T ) is closed; let
{νn}n∈N be a sequence of Fix(T )which converges to ν0 for some ν0 ∈ K . Then for allm, n ≥ 1, we have
ρ

Tν0 − ν0
2

= ρ

Tν0 − νn + νn − ν0
2

≤ 1
2
ρ(Tν0 − νn)+ 12ρ(νn − ν0)
= 1
2
ρ(Tν0 − Tm+1(νn))+ 12ρ(νn − ν0)
≤ 1
2
α1(ν0)rρ(ν0,OT (Tm(νn)))+ 12ρ(νn − ν0). (3.17)
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For n ∈ N, Tm(νn) converges to νn and νn → ν0 as n → ∞. Letting m, n → ∞ in the inequality (3.17), this implies that
ρ(
Tν0−ν0
2 ) = 0, that is Tν0 = ν0. Hence ν0 ∈ Fix(T ) and Fix(T ) is closed and the proof is complete. 
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